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ABSTRACT

Introduction. The task of uniformly coating carbon-graphite fibers with metal as a base for composite materials is a pressing issue.
Galvanic metallization is preferred due to the ability to control the parameters of the electrochemical system. Materials and methods.
To determine the effective values of specific electrical conductivity and reactive surface area of a carbon flow three-dimensional
electrode (FTE), as well as to identify rational metal electrodeposition modes, mathematical modeling and a combination of calcu-
lated and experimental data regarding the feasibility of producing carbon fiber materials (CFM) and FTEs with desired properties
are useful. Proper selection of electrolyzer operating modes and parameters allows for intensification of the metallization process
and facilitates the production of the desired composites. Results. Mathematical models of electrolysis using a CFM were developed
in the form of systems of differential equations for the potential distribution functions, polarizing current density, and deposited
metal concentration across the electrode thickness. Boundary value problems were formulated. An optimal control problem was
posed with control actions in the form of distributed values of the resistivity and specific surface area of the electrode and an opti-
mization criterion — an indicator of the uniformity of metal distribution across the electrode thickness. The solution was based on
S.L. Pontryagin's maximum principle and direct selection of control parameters using the equations of the mathematical model.
Discussion. The proposed mathematical models and methods are consistent with the modern electrochemical theory of metal
electrodeposition in FTEs. Accounting for dynamic changes in electrode properties and the metallization process of the carbon-
graphite filaments that comprise it expands the applicability of mathematical models to describe real-world electrolysis processes
in FTEs and improves the adequacy of the models for real-world physicochemical processes. Conclusion. The presented mathemati-
cal modeling methods and computational algorithms 1) are used both to study the theoretical principles of electrolysis processes
in FTEs and to analyze the properties of actual carbon-graphite material metallization processes; 2) allow one to determine the
effective values of the distributed specific electrical conductivity and the reactive surface area of the carbon-graphite material to
improve the uniformity of electrodeposition across the TFE thickness and to produce carbon-graphite fibers with desired properties.
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AHHOTALMA

BBegeHue. 3ajaua paBHOMEPHOTO MOKPbITVA METANINIOM yrnerpaduToBbIX HATEN Kak OCHOBbI /18 KOMMO3MLIMOHHbIX MaTepuanos
ABNAETCA aKTyanbHON. [anbBaHMYecKaa MeTannM3aumua npeanoyTUTeNnbHa BCIEACTBE BO3MOXHOCTM YNpaBfeHnsa napameTpamm
3NEKTPOXMMMNYECKO crcTemMbl. MaTepuanbl n metogbl. [ onpefeneHns 3GPeKTUBHbIX 3HaYEHUI YAENbHOW NeKTPONpPOBOA-
HOCTV 1 PeaKLMOHHOW NMOBEPXHOCTU YINIEPOAHONO MPOTOYHOTO TPEXMEPHOTo dnekTpopa (MT3), a TakxKe BbIABNEHUA PaLIOHaNbHbIX
PeXMMOB 3NIEKTPOOCAXKAEHNA METANNIOB LienecoobpasHbIM ABIAETCA MaTeEMATYECKOe MOAESTIMPOBAaHME N COYETaHME PaCYEeTHbIX
1 SKCMePUMEHTabHbBIX fAHHBIX OTHOCUTENIbHO BO3MOXXHOCTY MOYYeHUA YINepPOHbIX BOOKHUCTbIX MaTepranos (YBM) n MT3 ¢ 3a-
AaHHbIMU CBONCTBaMU. [paBubHbIN BbIGOP PeXMOB PaboTbl 31eKTPoM3epa 1 ero NapameTpoB NMo3BoNAeT NHTEHCMGULMPOBaTb
npoLecc MeTaam3aLmm, CnocobCcTByeT NoyyeHmnio Tpebyembix KOMNo3nToB. PesynbraTtbl. PazpaboTtaHbl MaTemaTyecKkie Moaenu
aneKkTponusa Ha YBM B Buge cuctem fuddepeHumanbHbIX ypaBHEHN OTHOCUTENBbHO GYHKLMIA pacnpefeneHus noTeHumana, miot-
HOCTU NONAPKM3YIOLLEro TOKa M KOHLIEHTPaLMM OCaxaatoleroca MeTanna no tonwmHe MT3. OcylyecTBieHa NOCTaHOBKa KPaeBbIX
3apau. MNoctaBneHa 3agaya ONTMMasbHOTO YNpPaB/eHNA C yNpaBisioLyiMy BO3LENCTBUAMM B BUAE pPacripefeNieHHbIX 3HaYeHUI yaenb-
HOro CONPOTMBNEHNA 1 YAenbHOW NoBepxHOCTH MT3 1 KpuTeprem ONTMMM3aLmn — NoKasaTeneM paBHOMEPHOCTM pacnpefeneHns
MeTasifia no To/WMHe 3neKTpoga. PelleHrie BbINONHEHO Ha OcHOBe nprHuMna makcumyma CJ1. TloHTpArnHa 1 npamoro nogbopa
YNpaBnaoLWUX NapameTpoB Mo ypaBHEHUAM MaTeMaTyeckon mogenu. O6cyxpaeHue. MNpeanoxeHHble MaTeMaTUYeCcKe Mogenu
1 MeTO[bl COOTBETCTBYIOT COBPEMEHHO NEKTPOXMMIYECKON TEOPUV SNEKTPOOCaKAeH WA MeTannoB B [MT3. YyeT ArHamMmuyeckoro
U3MeHeHWs CBOMCTB 3M1eKTPOoAa U MpoLecca MeTalin3aLummy COCTaBnALWYMX ero yrnerpaprtoBbiX HATEN NO3BONAET PaclupuTb
NMPVMEHMMOCTb MaTeEMaTNYECKUX MOZENel A ONMCcaHUA peanbHbIX NMPOoLeccoB 3nekTponu3a B MTD 1 NoBbilLaeT ypoBeHb afieK-
BaTHOCTU MoAenel peanbHbIM Gr3NKO-XMMUYECKMM npoLeccam. BbiBoAbl. MpeacTaBieHHble MeTofbl MaTeMaTNYeCKoro Mmogenv-
POBaHUA 1 BbIYNCINTENbHbBIE aITOPUTMBI: 1) MCMONb3YOTCA KaK AfiA NCCNef0BaHNA TEOPETUYECKMX 3aKOHOMEPHOCTEN NPOoLLecCoB
anekTponu3a B T3, Tak 1 AnA aHanv3a CBONCTB peasnbHbIX MpoLeccoB meTannmsaummn YBM; 2) no3sonatoT onpepenats 3GdeKTuBHble
3HauYeHVA pacnpeneneHHon yaenbHO S1eKTPONPOBOLHOCTY 1 PEaKLIMOHHON NoBepxHOCT! YBM AnA noBbilweHNA paBHOMEPHOCTM
aneKTpoocaxaeHuws no TonwuHe MT3 1 nonyyatb yrnerpaduToBbie BONOKHA C 3aaHHbIMY CBOWCTBAMU.

KJTIOYEBDIE CJTOBA: KOMMNO3MLMOHHbIE, HAHOKOMMO3ULIMOHHbIE U yrierpaduToBble MaTepuarsibl, MaTeMaTMyecKe Mogenu u me-
TOAbI, NPOTOUHbIE TPEXMEPHbIE 3MIEKTPOADI, YAeSbHasA 3NeKTPONPOBOAHOCTb, PEAKLMOHHasA MOBEPXHOCTb, ONTUMM3aLNA

UCTOYHNKN ®UHAHCUPOBAHUA HAYYHOW PABOTDI, PE3YJIBTATOM KOTOPOW CTAJIA NYBJINKALUA: VccneposaHue
BbINOSIHEHO Npu duHaHCoBOW nogaepx ke PHD B pamkax HayuHoro npoekta N2 25-21-00135 «MopgenvpoBaHvie NpoLeccoB SNeKTPo-
XMMUYECKOW MEeTannmn3aLmm nopmucTbiX yrnepoaHbiX KOMMNO3ULMOHHbBIX MaTepranos ¢ Lenblo onpegeneHmns 3GpdeKTUBHbIX 3HaUeHUN
pacnpegeneHHbIX yAesbHON peakLyMOHHOW MOBEPXHOCTA 1 NEKTPONPOBOLHOCTY MPOTOYHOrO TPEXMEPHOIO SNEKTPOAAY.

Ana UuuTUPOBAHUA:

Kowes A.H., Ky3snHa B.B. MatemaTnueckume mogenn n MeToabl pacyeTa onNTvMasnbHO pacnpeeneHHoN 31eKTPONpPOBOAHOCTU
1 peaKkLMOHHO NOBEPXHOCTM TPEXMEPHbIX YINePOAHbIX KaTOL0B NPU raibBaHMYeCKON MeTannn3aumum KOMMO3ULMOHHbIX 1 HAHO-
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INTRODUCTION

Carbon fibers, nanofibers, and nanotubes with metals and
metallic compounds deposited on their surfaces are used
in the creation of supercapacitors, catalysts, composites,
and nanocomposite materials [1]. Furthermore, com-
posite materials based on metallized carbon fiber materi-
als (CFMs) are used in high-tech manufacturing for the
aviation, space, chemical, medical, and other industries.

When depositing metals on carbon materials, nano-
tubes, and nanofibers, as well as when directly using them
in composite materials, it is important to select a metal-
lization method that ensures good adhesion of the metal
to the carbon material surface. The use of various meth-
ods of chemical surface activation with strong oxidizing
agents, such as concentrated acids, results in significant
mass loss of carbon nanomaterials. In this regard, the
use of electrochemical methods for depositing metals
and their compounds onto the surface of CFMs is of
great scientific and practical interest. The potential of
using electrochemical metallization methods on CFM
electrodes has been demonstrated in various studies, for
example, in [2—7].

The monograph [8] publishes the results of experi-
mental studies on the electrochemical modification and
deposition of metals on carbon nanofibers (CNF) and
nanotubes (CNT), obtained by Professor V.K. Varentsov
and his co-workers. The possibility of depositing copper,
nickel, and manganese dihydroxide on CNF and CNT by
electrolysis and electrosorption from aqueous electrolyte
solutions is demonstrated. Micrographs of copper and
nickel deposits (Fig. 1) demonstrate the effectiveness of
using electrochemical methods for CNT metallization.

It should be noted that sufficient adhesion of the
sediment to the surface of the carbon-graphite material
is ensured by preliminary functionalization of the CNT
surface by electrolysis in a solution of the appropriate
electrolyte [8].

A visual analysis of Fig. 1 reveals that copper crystals
of varying sizes are present on the CFMs, while they are
absent on the carbon-graphite nanotubes. Clearly, the
size and structure of the CFMs significantly influence
the morphology of the metal deposit, which affects both
the kinetics and hydrodynamics of electrode processes.
This circumstance necessitates taking into account the
specific characteristics caused by the small fiber sizes
when mathematically modeling and solving problems
of process control in flow three-dimensional electrodes
(FTEs) made of CNFs and CNTs.

Carbon-graphite materials in the form of nanofibers
and nanotubes are used as electrodes in electrolyzers with
flow three-dimensional electrodes, forming a three-di-
mensional electrochemical system. For theoretical studies
and calculations of real processes in flow three-dimen-
sional electrodes, a well-developed framework exists for

mathematical modeling of the processes under study, as
well as for developing methods and algorithms for calcu-
lating real electrochemical processes. The principles of
mathematical modeling of electrochemical processes in
flow-through three-dimensional electrodes, existing com-
plete mathematical models, their simplifications, methods
of their numerical implementation and some calculation
results are presented in [§—19].

Mathematical modeling of electrode processes in the
FTE from CFM is based on the classical law of material
balance of charged particles, which, in the absence of
a homogeneous electrochemical reaction, is described by
the following system of differential evolutionary parabolic
types [20, 21]:

ac; .

Pl —dw(ziuiFCigrad(E) + Civ). (1)

Here, the unknown functions are: C, — the concen-
tration of the i-th electroactive component, i = 1...n and
E — the electric field potential; the known functions are:
v — the vector of the convective transfer velocity of the
electrolyte and the constants z,, u, — the charge and mo-
bility of the i-th electroactive component.

It should be noted that in [20], equation (1) reflects
the balance of charged particles in a homogeneous me-
dium, while in [21], model representations are presented
that allow the regularities described by equation (1) to be
extended to the case of a pseudo-homogeneous medium.
It is assumed that at each point of the reaction space, elec-
trode reactions occur involving charged particles present
in the bulk-porous system.

Various technological conditions for the operation
of electrolyzers with FTE, determined by the tasks set
for the deposition of metals on carbon-graphite fibers,
determine the paths for further transformation of the
modeling system of differential equations (1). The most
complete mathematical models describing the electrode
processes in FTE from carbon-graphite fibers during the
deposition of metals from multicomponent electrolytes
in various technological situations are presented in the
monograph [8].

Mathematical descriptions of electrochemical pro-
cesses in FTEs in the form of closed boundary value
problems of mathematical physics allow for the formula-
tion of optimization problems as nonlinear programming
and optimal mathematical control problems. Thus, work
[22] describes an algorithm for calculating the distribu-
tion of the specific electrical conductivity of FTEs across
the electrode thickness k(x) in the form of so-called
simple control, where the selected linear and parabolic
dependences k(x) are adopted as the optimal control
function. Classical nonlinear programming methods
were used to solve the problem. In [23], the problem of
calculating k(x) was posed as an optimal mathematical
programming problem and solved using L.S. Pontry-
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Fig. 1. Nanotubes with copper (a), nickel (b) deposits; CFM with electrolytically deposited copper (c)

agin’s well-known maximum principle. The maximum
principle was also applied to the problem of calculating
the optimal distribution of the specific reaction surface
area from the coordinate across the electrode thickness
S (x) [19].

This paper proposes an extension of the results for
determining optimal operating conditions for electrolyz-

ers with CFM-based FTEs. When the control variables
are both k(x) and S (x), the functional representing the
optimal control criterion in L.S. Pontryagin’s maximum
principle depends on two distributed variables, signifi-
cantly complicating the problem when formulating it and,
especially, when implementing the maximum principle
numerically. In addition, the analysis of experimental
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data arrays corresponding to the properties of CFM of
various brands shows that in some cases there is a correla-
tion between the value of specific electrical conductivity
k and the specific reaction surface S (x), and, therefore,
the problem of jointly determining the optimal values of
K(x) and § (x) is relevant.

MATERIALS AND METHODS
Analysis of carbon fiber material parameters

The influence of distributed values of «(x) and § (x)
on the uniformity of the distribution of the metal coat-
ing of the carbon-graphite material has been studied,
for example, in [19, 22, 23]. It has been shown that with
the correct selection of the sequence of carbon-graphite
materials of different grades in the sections of the FTE,
it is possible to achieve a significant improvement in the
distribution of the metal across the thickness of the FTE.
This circumstance necessitates considering the properties
of the most commonly used grades of carbon-graphite
material from the point of view of the formation of FTE
with distributed properties, in particular x(x), S (x) and
the porosity of the material e(x).

Table 1. Properties of various grades of CFM

The values of the parameters of the CFM — x,
S, € — can be found in the works of V.K. Varentsov,
A.A. Konkin, A.S. Fialkov, I.N. Ermolenko and other
authors [1, 24—28]. The main characteristics of some
CFM are presented in Table 1.

It should be noted that the value of the specific reac-
tion surface of carbon-graphite materials can be deter-
mined by the so-called gravimetric and electrochemical
methods [24, 25], between which there is a significant
correlation [29]. However, it was also shown there that
a significantly more significant relationship is observed
between the value of the specific reaction surface, the
radius of the carbon-graphite fiber and the porosity of
the carbon-graphite materials. Based on this, to deter-
mine the specific surface of carbon-graphite materials
for which data on § are not available in the literature, we
used a linear regression equation with a high correlation
coefficient [19]:

S, =3066.93 — 574.911r + 24.567¢.
Furthermore, when filling out Table 1, we assumed

that S doubles upon compression of the CFM. This
assumption is likely true for the materials under consid-

No. Material r, pm S, cm™ K, Siemens/cm €
1 VNG-50/VNG-50* 6.0 265/530 1.3/2.6 0.92/0.84
2 VNG-30/VNG-30* 5.5 160/320 0.90/0.33 0.96/0.92
3 VINN-250/VINN-250% 4.5 280/560 0.1/0.4 0.97/0.94
4 NTM-200/NTM-200* 5.0 216/432 0.07/0.4 0.96/0.92
5 NTM-100/NTM-100* 5.4 220/440 0.03/0.12 0.96/0.92
6 Mtilon/Mtilon* 5.1 270/540 0.13/0.5 0.94/0.88
7 VVP-66-95/VVP-66-95* 4.7 255/510 0.006/0.05 0.96/0.92
8 FRN/FRN* 5.0 125/250 0.001/0.005 0.98/0.96
9 KNM/KNM* 6.1 160/320 0.009/0.03 0.98/0.96
10 | VINN-150/VINN-150* 5.0 220/440 0.05/0.16 0.92/0.84
11 KSS/KSS* 4.5 501/1000 0.1/0.2 0.89/0.78
12 Uglen/Uglen* 5.1 240/480 0.05/0.13 0.95/0.90
13 | Gralen/Gralen* 49 260/520 0.1/0.4 0.96/0.92
14 NT-1/NT-1* 6.2 165/330 0.001/0.02 0.90/0.80
15 NT-2/NT-2* 6.2 165/330 0.003/0.014 0.90/0.80
16 | ANM/ANM* 6.1 180/360 0.01/0.12 0.96/0.92
17 | TVSh/TVSh* 4.6 780/1560 0.16/0.4 0.91/0.82
18 | TVSh/TVSh* 5.0 220/440 0.45/1.5 0.85/0.70
19 LVIK-95/LVIK-95* 6.0 270/540 0.26/0.87 0.83/0.66
20 LG-50/LG-50* 3.8 150/300 0.02/0.09 0.76/0.52
21 LG-30/LG-30* 3.7 180/360 0.64/2.1 0.78/0.56
22 LG-10/LG-10* 3.4 170/340 0.44/1.4 0.77/0.54
23 | Carbonactalone-TK-24 35 1032/2064 0.41 0.87/0.74
24 KBN-24 3.5 285 0.61 0.87/0.74
25 B-1 3.0 282 0.55 0.93/0.86
26 B-2 3.0 537 0.016 0.90/0.80

* — materials obtained by compressing a material in a free state by half.
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eration, as they all have very high porosity, and there-
fore, significant fiber “sticking” under compression is
unlikely.

The value of the porosity coefficient during compres-
sion of the CFM can be easily recalculated using the for-
mula € = 1 — 2V, /V, where V| is the volume occupied
by the CFM fibers in a unit volume V of the electrode;
r=2(1 —¢)/S§ — radius of the fiber, provided that each
individual fiber is a cylinder of radius .

A simple visual analysis of the data in Table 1 shows
that various grades of CFM can be used to assemble com-
posite materials with various properties, for example, with
specific electrical conductivity k(x) or specific reactive
surface area S (x) distributed across the thickness in the
form of linear, parabolic, and other dependences. The
ability to form such composite materials facilitates the
formulation and solution of problems aimed at produc-
ing composite materials with specified properties through
galvanic metallization.

Another method for producing carbon-graphite fiber
cathodes with distributed properties across the thickness
of the FTE, as already noted, is the electrochemical func-
tionalization of the carbon-graphite fiber cathodes in vari-
ous electrolytes, for example, in sulfuric acid solutions [8].
Such processing allows, in some cases, the production of
carbon-graphite fiber cathodes with specified character-
istics, for example, with distributed specific conductivity
of the required profile.

All of the above circumstances determine the rele-
vance and possibility of developing methods of mathemat-
ical modeling, calculation and optimization of galvanic
metallization processes of CFM in order to determine
the conditions necessary for the creation of composite
and nanocomposite materials with the required charac-
teristics.

Mathematical model

In our previously published works [8, 17, 19, 23, 24,
30, 31], we examined in detail the methods for model-
ing electrochemical processes in FTE in various tech-
nological situations, with and without taking into ac-
count the reactions accompanying the main process of
extracting metals and their alloys, such as the release
of hydrogen gas, the oxygen electrode reaction, taking
into account the multi-stage deposition process, etc.
The mathematical model presented in this paper differs
from previously obtained and published models in that
it takes into account the distribution of both the specific
electrical conductivity and the specific reactive surface
area of the electrode across the thickness of the FTE.
Since the derivation of the mathematical model under
the given conditions is fundamentally no different from
previously published methods for obtaining modeling
equations, in this publication we present the resulting
equations obtained by transforming the fundamental

system of differential equations (1), taking into account
assumptions and simplifications similar to those used in
the development of earlier models.

We will adopt the following notation:

RT' " ~ zFK,,' vzF KT K¢

u, = dx(x)/dx; u,=S (x);

y, = E(x);y, = C(x). )

The system of equations modeling the distribution of
the electrochemical process by thickness x of the FTE
can be written as:

dy

d_xl =)V, = fl(yl'yz'y3’u1'u2);

Ay, _ g (x) (1 1) () —
dx  wp(ep+icg) Yt (x) K7 * Kg jS(X) B

- fz(yl,yz.y3,u1,u2);

dy; _uz(x)
dx vzF

1@ = £, (v, yww);

Gy ol Py oL o) e
L) == W = —iy,0) = 6

eazF((EfchR)/RTie(afl)zF(EfchR)/RT

Js(x) =7, : &

1+4jye2F E-PRIRT j7pK C

Here S is the specific reaction surface, J is the polar-
izing current density in the metal; / is the density of the
overall current supplied to the FTE; L is the thickness
of the FTE; C, is the concentration of metal ions in the
volume of electrolyte supplied to the FTE; «,and «k are
the specific electrical conductivity of the solid and liquid
phases of the system; ¢,, a, z are the equilibrium poten-
tial, transfer coefficient and valence of the discharging ion
of the electrode reaction, x is the coordinate along the
thickness of the electrode. The dimensions of the units of
physical quantities correspond to the International System
of Units.

Solution Method

Method and Algorithm for Integrating Modeling Equa-
tions

In our works [32, 33], the instability of system (3)
with respect to both the initial conditions and the right-
hand side was demonstrated. These proven assertions
imply, firstly, the limited applicability of finite-differ-
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ence methods for solving system (3) and, secondly, the
necessity of controlling the solution of the problem by
numerical methods. When solved by finite-difference
methods, the system of ordinary differential equations
(ODE) (3) is transformed into a cumbersome, ill-con-
ditioned system of nonlinear algebraic equations, the
solution of which requires the use of regularizing compu-
tational algorithms, which is difficult for their numerical
implementation.

System (3) is a two-point boundary value problem,
the most effective method for solving which is the “trial
and error” method, when at the first stage, some missing
initial value y (0) = y, is specified on the left bound-
ary of the integration interval of the system, as a result
of which problem (3) is transformed into a classical
Cauchy problem for an ODE system, for the solution
of which one can use known integration methods, for
example, the Runge — Kutta method and its modifica-
tions. After solving the Cauchy problem, the calculated
value dy /dx (L) =y is compared with the given value
dy /dx (L) = —1/x, and if they do not correspond suf-
ficiently, the value y, is adjusted using some accepted
computational algorithm (for example, the direct search
method). The search for y, ends when the specified ac-
curacy of coincidence between the values y,” and —//x,
is achieved.

For the numerical implementation of the described
method, we carried out studies to determine the initial
value y, so that it approximates the true, unknown value
»,(0) with a certain accuracy. By simplifying and trans-
forming system (3), similarly to how we did it in [33], we
obtained the expression:

il ) 4)

2 .
2K7gSvjy

2
y,(0) = ;Ln(

We used the calculated y,(0) as the initial value of y,
when implementing the trial-and-error method, which
significantly reduced the calculation volume and in-
creased the accuracy.

Numerous calculations of the distribution of elec-
trochemical functions—electrode potential, polarizing
current density, electroactive substance concentration,
and other distributed functions — using various methods
(Euler, Runge — Kutta, Merson, Adams) showed that the
curves corresponding to the solution functions undergo
the greatest changes at points adjacent to the current
lead and the outer boundary of the bulk-porous cathode
(Fig. 2). This led to the use of calculation methods using
integration grids with an unequal distribution of nodes:
with smaller steps at the edges of the integration interval
and larger ones in the central part.

Numerical experiments have shown that the fourth-
order Runge — Kutta method on an integration grid with
a properly selected non-uniform grid of integration nodes
is the most economical method in terms of the number

Porous material,

/ cathode

Conductor

Anode

/

e

Direction of current
and electrolyte flow

Fig. 2. Schematic representation of the FTE with parallel
directions of the current vectors supplied to the elec-
trode and the electrolyte flow rate

of computational operations while maintaining sufficient
solution accuracy.

For the numerical implementation of the method for
solving the ODE system (3), a software package based
on problem-oriented computational procedures [34] was
developed. The decomposition of its components into
independent components, implemented using the Par-
allel Programming Library, significantly improved the
computational performance.

Methods for solving process distribution optimization
problems in FTEs

To calculate optimally distributed values of specific
electrical conductivity k(x) and specific reaction surface
area S (x) across electrode thickness x, ensuring the best
uniformity of distribution of the CFM metal coating,
two complementary methods were used, each of which
has independent value and can be used in conjunction
with the other:

1) Determination of the type of dependencies and val-
ues of distributed values of specific electrical conductivity
Kk(x) and specific reaction surface S (x) from the electrode
coordinate x using the classical maximum principle of
L.S. Pontryagin [19].

2) Calculation of the best distributed values k(x) and
S§ (x) according to the uniformity criterion in the form
of so-called simple control, in the form of elementary
functions: constant, linear, quadratic forms and their
combinations.

To implement the first method, the optimization
problem was formulated as an optimal mathematical
control problem: an optimization criterion was de-
fined, an ODE system conjugate to this criterion was
constructed, and, in accordance with L.S. Pontryagin’s
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maximum method, the dependence of the optimization
criterion on the type of dependencies of the distributed
values x(x) and § (x) was analyzed, and their optimal
forms were determined.

In implementing the second solution method, the
control functions were represented as parabolic forms
K(x)=c, +bx+ax’, §(x)=c,+bx+ax’, whose un-
known coefficients ¢, b, a, i = 1.2, were calculated using
a combination of coordinate and gradient descent meth-
ods. Depending on the need to determine the accuracy
of the problem solution, the obtained results can be used
as initial results for solving computational procedures us-
ing L.S. Pontryagin’s maximum method. Corresponding
computer procedures have been written to implement the
optimization.

Investigation of the control functions x(x) and S (x) using
L.S. Pontryagin’s classical maximum principle

The formulation of the problem of optimizing the dis-
tribution of specific electrical conductivity and specific
reaction surface consists of finding such a vector function
u=(u,u,),u x) = dc(x)/dx, u(x) =S (x), which would
satisfy the system of differential equations (2), (3) and
provide a minimum to the functional

o) = [ (= Js(1. (9, 1 (), 7200, 720, y3(x))) dx. (5)

The numerical values of functional (5) reflect the
uniformity of the current density distribution across the
thickness of the FTE, and the smaller these values, the
closer the distributed current density is to its average val-
ue, and therefore to an absolutely uniform distribution
on the FTE.

According to L.S. Pontryagin’s maximum principle,
in order for the solution to problem (2), (3) {u,(x), u,(x),
Y,(x), y,(x), y,(x)} to correspond to the optimal math-
ematical control {u *(x), u,*(x)}, minimizing functional
(5), it is necessary to have a solution to the system of
differential equations (6), adjoint to system (2), (3) with
respect to the newly introduced functions @, ..., @,,
adjoint to the functions y(x), with certain boundary
conditions (6):

Zj o Jay i=0,..3

cpg(o) =1¢,1) = ¢,(L) = ¢, (L) =0. (6)

In this case, the system (2), (3) is supplemented by
an equation for the function y (x), satisfying the relations

dyo I 2
- = (Z —fs(x: uv“z)) =

dx

=f0(y[]!y1'y2'y3'ul'u2)J y0(0)=0 (7)

The problem of finding optimal mathematical control
consists of determining the minimum of the functional
o(u) for the vector u = (u ,u,):

min {o(it, (9, 1:() = fy (7 = Js(a )

2
uy (x), y1 (%), y2(x), ¥3 (x))) dx]. (8)
with restrictions:

dayi
— fl(yiﬁyZJyS!ulﬂuZ) yO(O)_O

d”l() =) =

K

G:J’a(o): Cos
Z; o® Jg? ®o(0) = 1;
@1 (L) = @o(L) = @3(L) =0;i=0,...,3. ©)

The type of functions £(y,, y,, ¥, #,,
by the relations in equations (3), (6):

u,) is determined

2
foV1, Y2, Y3, U, up) = (é_]s(x;upuz)) ;
fr(V1, Y2, Y3, U, Up) = Ya;

—kguq(x)
ter(rep+xg) 2

o) Js;

f2(V1, Y2, Y3, U, Up) =

+ u, (x) (K—IT +

2 (%)
f3(V1, Y2, Y3, U, Up) = —= xfs( );

vzZF

¢ QZF(y1~@R)/RT _ o (@~1)zF (y1~bR)/RT

1+ j,e ZF1=@#R)/RT 17FK, .

Js(X) = Jo (10)

The system of differential equations (9) involves com-
ponents of the Jacobian matrix of the vector function
S= s Lo Lo fs):[ajj/()y[], the calculation of which is
not very difficult, but the analytical expressions for some
components are quite cumbersome and are not presented
in this paper.

The so-called Hamiltonian function, defined by the
formula, is involved in solving the optimal control problem.
a@a(x),u) =

H(x,y0(x), ..., ya (), @0 (x),.

= Zg(pi(nyOI e Var Uy, W) fi (X, @, -, @g ). (11)

For the Hamiltonian function, according to the maxi-
mum principle, the optimal control (u,*(x), u,*(x)) is
a stationary point (at which the partial derivatives of the
function H(u ,u,) vanish).
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Thus, solving the problem of determining the optimal
distributed values of k(x) and § (x) using the maximum
principle reduces to minimizing the functional (11) under
differential constraints (9). We provide a brief descrip-
tion of the algorithm for numerically implementing the
maximum principle for our problem.

Let us assume that at the k-th iteration the values of
the control vector function u*(x) = ”1,1k’ ul’z", ey um", uz’l",
u“", s uz’n" are determined. Here the second value of
the subscript corresponds to the coordinate X, G=1,n)
along the electrode thickness; the (k+1)-th iteration is
performed according to the following scheme.

1) The sequence ul,l"“, uu"*‘, e um’“*‘, ”2,1“" um"“,

..., u, F'is calculated using the formula:

k+1 k a\¥ . ;
Fui,j = i+ (a) ;i=12;7=1,...,n,(12)
)

Where « is a numerical parameter whose value is cho-
sen based on computational experience, typically «c < 1.
The vector grad (H(u,, u,)) = (0H/u,, 0H/u,) can be cal-
culated both analytically, with certain simplifications,
and numerically.

2) After calculating u*"'(x) we solve the system of
equations consisting of the first group of equations (9).
A numerical method based on the Runge — Kutta method
is convenient for integrating the system.

3) Defining the functions y**! allows us to integrate
the second group of equations in system (9), resulting in
the numerical values of the functions ¢*'.

4) We calculate the functional o(u **', u*') and
compare it with o(u *, u,}). If the condition o(u !, u,}*")
<o(uk, u))is met, then proceed to step 5. Otherwise, in
formula (12), we decrease the value of oc and repeat the
calculation.

5) Using the found functions y**' and ¢/*', we calcu-
late the function A using formula (11).

6) Using expression (12), we find u **?, u ***. If the
values of these functions at all points X,j= 1, ..., n,along
the electrode thickness differ from the values u !, u,**!
by a value greater than a certain specified value that de-
termines the accuracy of the solution, the computational
process continues according to the same scheme, points
1) — 6), otherwise the solution process ends, and the vec-
tor function u* = (u *(x), u,*(x)) = (u/*?, u,}*?) is taken
as the optimal control.

The derivative of the distributed specific electrical
conductivity function u,*(x) = dx,(x)/dx and the dis-
tributed specific surface area function u,*(x) = § (x), ob-
tained as a result of calculations according to points 1—6,
determine the solution to the stated optimization prob-
lem.

It should be noted that exact solutions to the optimal
control problem using the maximum principle method may
prove difficult to implement when designing a FTE, for
example, due to the lack of an appropriate CFM constitut-

ing a volumetric porous cathode, or due to an excessively
complex optimal conductivity profile or specific reaction
surface area of the FTE being designed. In this case, solving
the problem in the form of so-called simple control, where
the profiles of the control actions being optimized are not
overly complex elementary curves, can be useful.

Obviously, the accuracy and speed of solving an op-
timization problem using L.S. Pontryagin’s maximum
principle is largely determined by the proximity of the
initial values of the control action «°, u,” to the solution.

To solve the optimization problem in the form of
simple control and to calculate the initial values of the
control functions with their subsequent use in implement-
ing the maximum principle, the method described below
is proposed.

A method for calculating the distributed values of x(x)
and S (x) as quadratic forms

We represent the control functions as parabolas k(x) =
¢, +bx+ax’, S(x)=c,+ bx+ ax®with initially un-
known coefficients ¢, b, a,, i = 1,2. Note that this rep-
resentation of k(x) and S (x) allows us to find effective
controls, in addition to parabolic ones, in the form of
increasing and decreasing linear functions and in the form
of constants.

The proposed algorithm for calculating the effective
coefficients ¢, b, a, i = 1,2 is as follows.

1. Determining the initial values of the unknown coef-
ficients. The initial values of the coefficients ¢,b, a, are
determined by enumerating possible and most realistic
variants of the unknown coefficient values. The subse-
quent computational procedure consists of sequentially
finding each of the sets ¢ ,b, a, and ¢,,b,, a, on numerical
grids in which the horizontal axis is the coordinate along
the cathode thickness, and the vertical axis corresponds
to the functions k(x) or § (x). The vertex of the desired
parabola is placed sequentially at each grid point, and the
values of b, and g, are calculated according to the value
ofc.

2. The found values c,b, a, are refined by the gradi-
ent search method according to the criterion of the best
uniformity of the current density distribution across the
thickness of the FTE (8). In this case, at each iterative step
of the gradient search, the Cauchy problem for the system
of differential equations (2), (3) is solved by the previously
proposed numerical method based on the Runge — Kutta
method with an adaptive integration step. The parabolic
functions k(x) = ¢, + bx +ax*and S (x) = c, + bx + ax’
are determined in the following order.

— Given the initial function § (x), the optimal coeffi-
cients of the parabola k(x) = ¢, + b x + a x* are cal-
culated.

— Given the found parabolic form x(x), the optimal co-
efficients of the parabola S (x) = ¢, + bx + ax* are
calculated.
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— Given the found function § (x), the optimal coef-
ficients of the parabola k(x) are refined.

— For the newly found function k(x), the coefficients of
S (x) are refined.

— The calculation algorithm is then carried out according
to the same scheme until the specified accuracy is met.
Note that the described computational scheme, in

addition to its relative simplicity in algorithmization, has

another significant advantage: the ability to determine all
local minima of the objective function.

An example of calculating the distributed values of k(x)
and S (x) as quadratic forms

Calculations of optimally distributed specific electrical
conductivity and reaction surface k(x) = ¢, + b x + a x*
and S (x) = ¢, + bx + ax* were carried out at the values
of electrochemical parameters and constants character-
istic of the process of copper electrodeposition on FTE
from a sulfuric acid electrolyte of the composition (g/1):
Cu —0.16; H,SO, —25; (NH,),SO, — 80 [8] on the FTE
cathode with a thickness of 0.6 cm, at a current density
of 150 A/m?, at a volumetric flow rate of electrolyte of
0.1 ml/(s:'cm?).

The following limits for the change in electrical con-
ductivity and reaction surface were adopted: 0.1 < (x)
< 0.6 (S/cm), 200 < S (x) < 300 (cm?*/cm?). The op-
timal quadratic distribution of the function k(x) was
found in the form of a parabola with upward branches
and the apex in the central part of the electrode, and
the optimal distribution of the function § (x) with the
found distribution of k(x) was a parabola with downward
branches. The uniformity index (max£(x))/(minE(x) =
1.18). For comparison, for parabolic distributions (x)
and § (x), respectively, branches down and branches up
maxE(x))/(minE(x) = 1.22, branches up and branches up
maxFE(x))/(minE(x) = 1.20, branches down and branches
down E(x))/(minE(x) = 1.44. The known best distribution
of k(x) and S (x), found experimentally [36], corresponds
to the case when «,(x) is an increasing curve within the
same range of variation, and § (x) is a parabola with
downward branches within the same range of variation,
which indicates good agreement between the calculated
and experimental results.

Study of the properties of control functions k(x), S (x)
using the maximum principle according to model (1), (2)
using natural assumptions and simplifications

Consider the method and solutions to problems of
optimizing the distribution of distributed resistance and
a separate barrier surface when implementing some as-
sumptions regarding the technological characteristics of
the galvanic metallization process of FTE with the aim of
expanding the metal coating of the CFM and boundaries
with such simplifications of the mathematical model (2),
(3) and the formulation of control problems (2), (3), (5).

Firstly, since the galvanic coating of the CFM metal
is carried out without applying high values of electric
current to the electrode, it can be assumed that there is
no abrupt change in the specific electrical conductivity
of the electrode. This means that the value of (di,/dx)(x)
at all points with the x-coordinate across the thickness of
each electrode layer is insignificant ((di,/dx) ~0) and the
function k(x) can be considered a piecewise linear form.
Consequently, the first term in the second equation of
system (3) and the first term in the third equation of group
(10) can be neglected, which significantly simplifies the
mathematical model.

Secondly, in the case under consideration, the de-
crease in the concentration of the deposited metal ions
during the passage of a unit volume of electrolyte through
the flow electrode can be considered insignificant. In this
case, (dC/dx)(x) ~ 0 for all x, which leads to the possibility
of not considering the third equation in the mathematical
model (3) (dy, /dx = —(u,(x)/v2F) J(x) =1, (7. Y. V. 1,
u,) =0).

In addition, we assume that the dependence of the
polarizing current density J(x) on the potential £(x) can
be approximated by a linear form and, therefore, the op-
timization criterion can be represented as:

FG(U1 (), u, (x)) = foL abs (Ecp -
—E (u1 (), u,(x), y, (), y,(x), v, (x))) dx. (13)

In this case, the control action u (x) is taken to be the
specific electrical conductivity function x(x): u, (x) = «(x).

These assumptions lead to significant simplifications
of the mathematical model (2), (3), and, consequently,
of system (9), (10):

Assuming that the optimal control u,(x), u,(x) has
been found, and the distribution of the polarizing cur-
rent J(x) can be represented by some average value, then
system of equations (9), (10) takes the form:

% = |E(x) _ECpl = fO(yl’yz'y3'u1!u2);
% =Y, = fl(yl,yz,y3,u1,u2);
B2 _ u, (%) ($ + i)js(x) = £,y 7, o unw);

dx Kg

o,() =1

de .

d—xl = 51gn(E = Ecp);
oy _ _ .

dx - (pl’

1
y,(0) = 0; y,(0) = oW

1
y,(L) = ok 9,(0) = 1;

¢, (L) = ¢, (L) =0
@Iy ~BR)/RT _ (a-1)zF(yy ~$p)/RT
Js(x) = j,

(14)

1+jye P O1-PRRT 20k, o
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From system (14) it is easy to obtain solutions ¢, (x) =
(x — L) sign(E — E), o,x)=1 /2(x — L)?sign(E — Ecp)
and an expression for the Hamilton function for problem
(13), (14):

HQ6,y0(x), 0, y2(0, o ()., 92 (0), ug, up) =

= 280 (X, Y0, Yar Uy, U fi (3, @, o, Py ) =
—|E(x) - Ecp| +(x - L)sign(E - Ecp)yz +

+3 0= LZsign(E - E)up (- + ) s, (1)

According to the maximum principle, the smaller
the numerical value of the Hamiltonian function at each
minimization step, the closer the control vector to its
optimal value. Analysis of expression (15) regarding the
dependence of the Hamiltonian function on the control
actions u,(x), u,(x) shows that the value of H(x, u,, u,) at
sign(E—E ) =1 (that is, when E — E > 0) will be the
smaller, the smaller the value of u,(x) = S (x) and the
larger u,(x) = k(x). And vice versa, when E — E > 0and
sign(£ — E) = —1, the value of H(x, u, u,) will be the
smallest at maximum values of u,(x) = S (x) and mini-
mum values of u,(x) = k(x).

From the theory of distribution of the electrochemi-
cal process in the FTE it is known [31, 37] that with
comparable values of electrical conductivity of the solid
(CFM) and liquid (electrolyte), the distribution of the
electrode potential along its thickness has a “parabolic”
form (U-shaped curve), so that £ — ECp >0, the value of
F— ECp decreases in the interval [0, x_. | and increases
in the interval [x__, , L], where x__ is the minimum point
of the function E(x). Consequently, the best distribution
of potential, current density and metal deposit on the
FTE with values of specific electrical conductivity and
reaction surface distributed over the thickness of the
electrode can be expected from the point of uniformity
when the FTE consists of layers of CFM with the value
of k(x) decreasing from 0 to the point x_, and increasing
from x_, to L from layer to layer, and, conversely, the
function § (x) increasing from 0 to the point x_, and
decreasing from x_, to L.

This conclusion is confirmed by calculations of the
indicator of uniformity of potential distribution for the
electrochemical system described above, when the best
uniformity is observed when the distribution of specific
electrical conductivity is in the form of a decreasing linear
dependence, and the specific reaction surface is in the
form of an increasing linear form, while the uniformity
indicator is maxE(x)/minE(x) = 1.08.

The specific distribution of the S (x) function and the
k(x) function is useful to consider when designing a FTE
using carbon-graphite fiber materials with distributed spe-
cific electrical conductivity and specific reactive surface
area as cathode materials.

Analysis of the Hamiltonian function allows us to
identify a set of distributed parameters as the control
function, including the related functions x(x), S (x), x.

u=u,(1/u +1/x,). (16)

The selection of the control function in this form
(16) may be useful when selecting the sequence of cath-
ode blocks of a prefabricated FTE composed of various
brands of CFM, taking into account the conclusions
of the previous paragraph, that is, when u(x) decreases
from the point x = 0 to the point x = x_.and increases
over the interval [x . , L]. It should be noted that when
considering the control function in the form (16), it may
be necessary to take into account the distribution of the
function k (x) — the specific electrical conductivity of the
electrolyte solution.

The dependence of the electrical conductivity of the
liquid phase of the system on the coordinate on the elec-
trode is possible with a significant drop in the concentra-
tion of precipitating metal ions during the passage of the
electrolyte through a three-dimensional flow electrode,
as well as with intense gas formation, for example, dur-
ing the electrochemical formation of hydrogen [16, 38].
Mathematical models, the development of which was
carried out taking into account the influence of hydrogen
release on the specific electrical conductivity of the liquid
phase of an electrochemical system with a FTE, are pub-
lished, for example, in [39]. In this paper, the modeling
and calculation of such electrochemical systems is not
considered.

RESULTS AND DISCUSSION

The mathematical models and methods for calculat-
ing and optimizing the galvanic coating of carbon fiber
materials across the thickness of composite materials with
cathodes made of carbon fiber composites (CFMs) with
distributed values of specific electrical conductivity and
specific reactive surface area discussed in this paper are
aimed at correctly selecting the appropriate CFMs and
their combination during the formation of composite ma-
terials to produce metallized CFMs with desired proper-
ties, in particular, with the best possible uniformity of
metallic deposit distribution across the CFM thickness.

The mathematical models and methods for calculating
the specific electrical conductivity and specific reactive
surface area of carbon fiber composites presented in this
paper enable dynamic simulation of electrochemical pro-
cesses in FTEs, under non-stationary electrode conditions
caused by changes in their properties during electrolysis.

The development of closed-loop mathematical mod-
els of electrochemical processes in FTEs with electrodes
made of carbon fiber composites with distributed proper-
ties enabled the formulation of optimization problems for
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the galvanic metallization of carbon fiber composites in
various forms, meeting specific criteria and technological
requirements.

It is shown that during metallization of carbon fiber
materials, the influence of distributed specific electrical
conductivity and specific reaction surface are interre-
lated, which indicates the need for their joint consider-
ation when solving problems of modeling and optimizing
processes using FTEs made of CFMs.

In formulating the problem of optimizing the distri-
bution of processes in the FTE through the correct selec-
tion of the electrical conductivity distributed across the
electrode thickness and the reaction surface, the classical
maximum method of L.S. Pontryagin was used, along
with its simplified analogue based on natural simplifica-
tions and assumptions, as well as methods for directly
calculating the best values of the desired distributed
functions in the form of theoretically justified simpli-
fied forms.

CONCLUSION

The existing developed principles of the theory of
metal electrodeposition on flow-through three-dimen-
sional electrodes made of CFM, methods of mathematical
modeling, and calculation of the distribution of electro-
chemical processes in the FTE enable the formulation and
solution of problems of optimizing the process parameters
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