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ABSTRACT: Methods for the quantitative assessment of the content of ordered structures in the products of synthesis of fulleroid 
materials based on the spectra of characteristic X-ray radiation and X-ray diffraction are considered. The introduction shows that 
the use of carbon fulleroid materials (fullerenes, fullerenols and their compounds, fulleroid nanoparticles) as modifiers of the prop-
erties of various structural materials and plasticizers of concrete mixes is currently one of the most rapidly developing areas in the 
field of nanotechnology in construction. 
Methods and materials. In this work, the following analytical control methods were used: scanning microscopy, local X-ray spectral 
analysis and X-ray diffractometry. The products of synthesis of fulleroid materials were studied: samples of fullerene-containing soot 
collected at different distances from the arc synthesis zone. Results. Raster images of the synthesis products with various magnifica-
tions are shown, as well as the X-ray fluorescence spectra and the elemental composition of the synthesis products. The X-ray phase 
analysis of the synthesis products was carried out. It is shown that the analysis of the amorphous component of the composition, 
which is one of the products of the yield, will make it possible to control the synthesis at each stage and under various conditions 
of its implementation.
Analysis of a nonlinear dynamic system. To construct an attractor of a dynamic system, the correlation dimension, the dimension 
of the phase space and the fractal dimension of the process under study were calculated. The correlation dimension and the dimen-
sion of the phase space were calculated using the Takens’ method. The fractal dimension is calculated using the Hurst exponent. 
Conclusions. To study the dynamics of chemical reactions occurring during arc synthesis, the system of differential Rössler attrac-
tor is used. A solution to this system is obtained – Rössler attractor – an attracting set of trajectories in the phase space, which is 
identical in appearance to the process under study, which makes it possible to estimate, relying on attractors characteristic of each 
sample (synthesis material), at what stage the synthesis process occurs, and by making differential model, to organize the control 
to improve the quality of output products. Thus, the possibility of evaluating the efficiency of the synthesis of fulleroids used for 
the modification of building materials is demonstrated.

KEYWORDS: fulleroids, X-ray spectral analysis, diffractometry, attractor, Hurst exponent, phase space, fractal dimension, dynamic 
system, Rössler model.
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INTRODUCTION

At present one of the most dynamically developing 
areas in the field of nanotechnology in construc-

tion is the use of carbon fulleroid materials (fullerenes, 
fullerenols and their compounds, fulleroid nanoparticles) 
as modifiers of the properties of various building materials 
and plasticizers of concrete mixes [1–4].

In the production of fulleroid materials by the arch 
synthesis method [5], the synthesis product is the carbon 
powder, which mainly consists of the amorphous car-
bon, represented by a loose globular structure. The use-
ful components of the synthesis product fullerenes and 
fulleroid nanoparticles have an ordered structure. When 
solving some material science problems, amorphous car-
bon is not an interfering component; however, to use 
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the mix it is necessary to know the quantitative composi-
tion of the amorphous phase exactly [6–8]. In addition, 
when checking the synthesis process, it is necessary to 
control the yield of fulleroid materials promptly, which 
is a complex analytical problem.

During the synthesis of fulleroid materials, dissipa-
tive spatial and temporal structures that appear far from 
the equilibrium form a non-equilibrium order. In chemi-
cal dissipative systems, this order includes the manifesta-
tion of oscillations and waves of matter density [9].

In the processes of chemical synthesis, the destruction 
and the emergence of any structures means that fluctua-
tions characteristic of the ongoing chemical reaction has 
to play the role of “noise” and turn into a factor of creat-
ing the ordered reaction products – a dynamic system 
appears, so the study in the processes of chemical syn-
thesis, the destruction and the emergence of any struc-
tures means that fluctuations characteristic of the ongoing 
chemical reaction cease to play the role of “noise” and 
turn into a factor of creating ordered reaction products – 
a dynamic system appears, thus this work is devoted to 
the study of the properties of the dynamic system.

As the useful components of the synthesis are repre-
sented by the particles with an ordered structure located 
in amorphous carbon globules, it is advisable to apply 
X-ray structural and local X-ray fluorescence research 
methods for this study.

METHODS AND MATERIALS

The following analytical control methods were used in 
this experiment: scanning microscopy, local X-ray spec-
tral analysis, and X-ray diffractometry.

Research of  the products of  fulleroid materials 
synthesis was carried out: Sample С1÷С5 – samples 
of fullerene-containing soot collected at different dis-
tances from the arc synthesis zone by the method de-
scribed in [10].

Several analytical measurements were made using 
the following devices to define the structures formed 
during the synthesis:

1. The microstructure of the obtained samples was 
studied by the scanning electron microscope TESCAN 
VEGA 3SEM (Czech Republic)

2. The X-ray fluorescence spectra and the elemental 
composition of the synthesis products were studied using 
the X-ray fluorescent attachment PentaFET Precision 
(Oxford Instruments, GB), and the INCA package, which 
allows determining the elemental composition of the syn-
thesis products and their mass amount. (CONDITIONS 
OF MEASUREMENT: HV = 20.000e3, SpecimenCur-
rent = 681.611721612e-12, SpotSize = 272.683916892e-9) 
Calculations of the elements concentrations included in 
the analyzed products were made by the method of fun-
damental parameters.

3. The X-ray phase analysis of the synthesis prod-
ucts was performed using a D2 PHASER diffractometer 
(Bruker, Germany).

RESULTS

Figure 1 shows raster images of the synthesis products 
at various magnifications. The scale factor in Figure 1, 
image a is 60 μm, for images b and c – 5 μm, image a is 
the general structure of the synthesis products, images b 
and c are individual globules of amorphous carbon and 
carbon nanotubes.

The X-ray fluorescence spectra and the elemental 
composition of the synthesis products are shown in Fig-
ure 2 and Table 1.

In Fig. 3, the spectra of the products are compared, 
which makes it possible to compare the composition of el-
ements for further transformations.

To identify the  structure, the X-ray phase analy-
sis of  the synthesis products was carried out, the re-
sults of which are shown in Figure 4. It is obvious that 
the amorphous globules strongly influence the formation 
of the X-ray spectrum and complicate the phase identifi-
cation. At the same time, the analysis of the amorphous 
component of the composition, which is one of the output 
products, will make it possible to control the synthesis at 
each stage and under various conditions of its use.

Fig. 1. Bitmaps of synthesis products

a b c
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Fig. 2. Energy-scaled X-ray fluorescence spectra of the studied samples

Sample 1

Sample 2

Sample 3

Sample 4

Sample 5
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DISCUSSION

Structural and fluorescence spectra do not give an 
unambiguous answer for the composition of the synthe-
sis products. This is clearly shown in Figures 2, 3 and 4. 
At the same time, the research results given in Table 1 
show the difference in the elemental composition of each 
sample, and Figure 4 indicates the pres-
ence of different amorphous structures.

The synthesis process, the formation 
of  products of  various structures have 
the properties of nonlinear dynamic sys-
tems, which are characterized by temporal 
nonlocality, non-marking, heredity and 
ergodicity [11, 12]. The measure of the 
self-similarity of the synthesis products is 
the Hurst exponent, which shows the di-
rection of the formation of an amorphous 
and ordered phase [13].

Analysis of a nonlinear dynamic system

A nonlinear dynamic system is fully 
characterized by an attractor – a compact 

subset of the phase space of a dynamical system, all tra-
jectories of which tend to it with increasing time of the 
process. For dynamic systems with nonlinear properties, 
an attractor is a point or a set of points (closed curve) 
towards which the parameters of the state of the dissipa-
tive system tend, that is, the attractor determines the final 
state of the dissipative system [12, 14].

To construct an attractor of a dynamic system, it is 
necessary to calculate the correlation dimension, the di-
mension of the phase space and the fractal dimension 
of the process under study. The correlation dimension 
and the dimension of the phase space are calculated using 
the Takens’ method. The fractal dimension is calculated 
using the Hurst exponent, which corresponds to random 
processes with independent increments [15], which is 
typical for chemical synthesis systems.

The Hurst exponent is calculated as follows

R/S = (ατ)H,� (1)

where α – the constant Hurst coefficient equal to 1, 
τ – the number of measured values, R – the range of de-
viations of the number series, S – the standard deviation 
of the number series, H – the Hurst exponent.

Table 1 
Results of X-ray fluorescence analysis

Sample
Concentrations of the detected elements

C O Si Ni Cr Mn Fe Ni Cu
C1 97.54 2.46 – – – – – – –
C2 96.93 1.67 – – 0.26 – 1.14 – –
C3 95.98 2.63 – – 0.37 – 1.02 – –
C4 80.54 6.81 0.27 1.11 1.42 0.41 6.83 0.99 7.62
C5 96.3 2.14 – – – – 0.6 – 0.95

Fig. 3. Comparison of X-ray fluorescence spectra 
of samples of synthesis products

Fig. 4. X-ray spectra of synthesis products
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If the Hurst exponent H = 0.5, then the increments 
characteristic of the process of obtaining some struc-
tures do not depend on the prehistory. If the inequal-
ity 0.5 ≤ H < 1 holds, then the process under study is 
characterized by a long-term “memory”. At 0 ≤ H <0.5, 
the process is characterized by short-term “memory”. 
If H > 1, then a subballistic development of the process 
takes place. That is, the Hurst exponent determines 
the measure of persistence – the propensity of the process 
to trends – fading, unstable equilibrium or to develop-
ment [12]. It should be noted that the fractal dimension 
of the attractor (phase space) is calculated from the Hurst 
exponent as: D = 2–H.

The basis for the procedure for constructing an at-
tractor is Takens’ theorem for set embedding operations. 
According to Takens’ theorem, for almost all smooth 
dynamical systems, based on the measured realization 
of the observed dynamical variable, one can construct an 
attractor whose properties will be identical to the original 
phase trajectory. To calculate the characteristics of the 
attractor, it is necessary to have a set of points M defined 
in the phase space of dimension n: M ≥ Mmin = 102+0,D, 
where D is the fractal dimension of the attractor [12, 14].

To calculate the characteristics of an attractor of a real 
dynamic system, the model and dimension of the phase 

space of which are unknown, it is necessary to know data 
about the behavior of the dynamic variable. In our case, 
this is the change in the intensity of the secondary X-ray 
radiation, which depends on the fluorescence energy, and 
the dependence of the intensity of scattering of the radia-
tion of the X-ray tube on the Bragg angle.

For experimental data, the dimension of the phase 
space is, as a rule, unknown, while the correlation dimen-
sion of the attractor Dcor first increases and then reaches 
a constant level. The correlation dimension is related to 
the dimension of the phase space as follows [14]:

,� (2)

where ε = r/rmax is the normalized range, σ – the noise 
level (standard deviation), erf(ε/2σ) – the integral of the 
errors (tabulated).

The important consequence of the analytical result is 
that even at ε = 3σ, the correlation dimension grows with 
an increase in the embedding dimension.

Table 2 and Figure 5 show the calculation results for 
the X-ray fluorescence spectra obtained by the Takens’ 
and Hurst methods.

Table 2
Dimensional characteristics of X-ray fluorescence spectra

Sample Correlation 
dimension

Phase space 
dimension Hurst exponent Fractal dimension

Sample 1 1.68 6 0.65 1.34
Sample 2 1.61 4 0.66 1.33
Sample 3 0.34 1 0.62 1.38
Sample 4 0.33 1 0.62 1.37
Sample 5 0.36 1 0.63 1.37

Fig. 5. Attractors of samples 1–5 constructed according to the results of X-ray fluorescence measurements

No. 1

No. 2
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Table 3 and Figure 6 show the results of calculations 
for the structural spectra obtained by the Takens’ method 
and the Hurst method.

The attractors were constructed using the FRACTAN 
4.4 software based on the measurement results without 
preliminary processing. 

Comparing images 2 and 3, it can be seen that the cal-
culated attractor and its dimensional characteristics both 
for the X-ray fluorescence and for the structural spectrum 
make it possible to expand the information content of the 
identification of synthesis products.

Fig. 7 shows a comparison of the initial spectra of flu-
orescence and structural analysis and their 2D and 3D 
attractors, constructed according to the calculations from 
Tables 2 and 3, respectively.

CONCLUSIONS

In the study of the dynamics of chemical reactions 
occurring in mixtures with stirring, the system of Rössler 
differential equations corresponding to a linear oscilla-
tor with a negative damping coefficient and feedback is 
actively used: The differential Rössler model serves as 
an example of multidimensional systems, the dynamics 
of which can be approximated by a one-dimensional 
mapping. The solution of the Rössler model for certain 
parameters is the Rössler attractor – an attracting set 
of trajectories on the phase space, which in its form is 
identical to the process under study [14, 16].

The Rössler attractor is generated by stochastic self-
oscillations, which are supported in a dynamic system by 

End of fig. 5. Attractors of samples 1–5 constructed according to the results of X-ray fluorescence measurements

No. 3

No. 4

No. 5

2D 3D

Table 3 
The dimensional characteristics of the structural spectra

Sample Correlation 
dimension

Phase space 
dimension Hurst exponent Fractal dimension

Sample 1 6.4 9 1.14 0.854
Sample 2 7.9 12 1.011 0.988
Sample 3 7.3 10 1.059 0.941
Sample 4 6.9 10 1.024 0.897
Sample 5 6.9 8 1.038 0.961
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Fig. 6. Attractors of samples 1–5 built from the results of structural measurements

No. 1

No. 2

2D 3D

2D 3D
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Continuation of fig. 6. Attractors of samples 1–5 built from the results of structural measurements

No. 3

No. 4

2D

2D

3D

3D
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No. 5

End of fig. 6. Attractors of samples 1–5 built from the results of structural measurements
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Fig. 7. Comparison of spectra and attractors of samples 2 and 3. Structural spectra
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Fig. 8. The model Rössler attractor

End of fig. 7. Comparison of spectra and attractors of samples 2 and 3. X-ray fluorescence spectra

an external source, in the case of synthesis – the addi-
tion of necessary components and products obtained as 
a result of reactions. The physical meaning of the Rössler 
model describes the transition of laminar fluid motion to 
turbulent motion.

The system of differential equations, the solution 
of which leads to the Rössler attractor, has the form:

x· = –y–z,
y· = x+ay,
z· = b+z(x+�).

The model Rössler attractor has the form shown in 
Figure 8. 3D sections of attractors obtained on the basis 
of X-ray fluorescence spectra are close to the form of the 
Rössler phase trajectory. Accordingly, it is possible to es-
timate, relying on attractors characteristic for each sample 
(synthesis material), at what stage the synthesis process is, 
and, let us build a differential model, to exercise controls 
to improve the quality of the output products.

Attractors based on structural measurements have 
a slightly different meaning. When comparing samples 2 
and 3, it can be seen that the process of the formation 

of crystal structures is in the development stage with 
a clear change in the amorphous phase.

Thus, the use of methods for describing nonlinear 
dynamic systems in the interpretation of X-ray spectral 
and X-ray phase analysis data makes it possible to quan-
titatively assess the degree of ordering of carbon nanopar-
ticles, which determines their effectiveness as modifiers 
of building materials.
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